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Abstract: A conjecture of Grobner-Shirshov basis of any Coxeter group has proposed 
by LA. Bokut and L.-S. Shiao [4J. In this paper, we give an example to show that the 
conjecture is not true in general. We list all possible nontrivial inclusion compositions 
when we deal with the general cases of the Coxeter groups. We give a Grobner-Shirshov 
basis of a Coxeter group which is without nontrivial inclusion compositions mentioned 
the above. 
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1 Introduction 

Let M = ||rn.jj|| nXn be a symmetric n x n matrix such that ma = 1, 2 < m^- < oo. 
The Coxeter group W = W(M) is defined by the generators S\, ■ ■ ■ ,s n and the defining 
relations (siSj) mij = 1. 

A conjecture of Grobner-Shirshov basis of any Coxeter group has proposed by LA. 
Bokut and L.-S. Shiao [I]. Grobner-Shirshov bases of all finite Coxeter groups were given 
in [U El [TO]. As it is hypothesis, the conjecture is true for any finite Coxeter group. In 
this paper, we give an example to show that the above conjecture is not true in general. 
We list all possible nontrivial inclusion compositions (four cases) when we deal with the 
general cases of the Coxeter groups. We then give a new conjecture and prove it is true 
in some cases. We give a Grobner-Shirshov basis of a Coxeter group which is without 
nontrivial inclusion compositions mentioned the above. We give some examples of such 
Coxeter groups but not the finite Coxeter groups. We will consider other cases in another 
papers in the future. 

2 Preliminaries 

We first cite some concepts and results from the literature [91 [2J, [3] which are related to 
Grobner-Shirshov bases for associative algebras. A notion of the pre-Grobner-Shirshov 
basis is new. 

♦Supported by the NNSF of China (No.10771077) and the NSF of Guangdong Province (No.06025062). 
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Let X be a set and F a field, F(X) the free associative algebra over F generated by 
X, and X* the free monoid generated by X. A well ordering < on X* is monomial if for 

any u, v E X*, 

u < v => W1UW2 < W1VW2, for all wi, W2 E X*. 
For any u E X*, denote by \u\ the length of u. 

A standard example of monomial ordering on X* is the deg-lex ordering which first 
compare two words by length and then by comparing them lexicographically, where X is 
a well ordered set. 

Then, for any polynomial / E F(X), f has the leading (maximal) word /. We call / 
monic if the coefficient of / is 1. 

Let f,gE F(X) be two monic polynomials and w E X*. 

If w = fb = ag for some a, b E X* such that |/| + \g\ > \w\, then (/, g) w = fb — ag is 
called the intersection composition of /, g relative to w. 

If w = f = agb for some a,b E X*, then (f,g) w = f — agb is called the inclusion 
composition of /, g relative to w . The transformation / >— > / — agb is called the elimination 
of leading word (ELW) of g in /. 

In (f,g) w , w is called the ambiguity of the composition. 

Let S C F(X) be a monic set. A composition (f,g) w is called trivial modulo (S, w), 
denoted by 

(f,g)w = mod(S,w) 

if (/, g) w = ctiOiSibi, where every at E F, S{ E S, a u b { E X*, and a^bi < w. 

Generally, for f,g E F(X), f = g mod(S,w) we mean / — g — ^ajOjSjfej, where 
every E F, Sj E S, a^bi E X*, and aislbi < w. 

Recall that S is a Grobner-Shirshov basis if any composition of polynomials from S is 
trivial modulo S. 

Let / and r\ be two polynomials. Then / 1— ► fi by ELW of r\ in / means / = a\a\r\bi + 
fi where a\, b\ E X*, ot\ E F and / = a\f~[b\. Generally, / 1— > fx 1— > • • • 1— > f n 1— > r means 
that f = ^2 aiOir^bi + r where / = a\r\b\ > a 2 f^6 2 > • • • > o n r^b n > r. If this is the case, 
we say that / can be reduced to r via {7*1, . . . , r n }. 

Clearly, if (/, g) w can be reduced to zero by ELW of S, then (/, g) w = mod(S, w). 

The following lemma was first proved by Shirshov [9] for free Lie algebras (with deg- 
lex ordering) (see also Bokut |2J). Bokut [3] specialized the approach of Shirshov to 
associative algebras (see also Bergman pQ). For commutative polynomials, this lemma is 
known as Buchberger's Theorem (see [EJE])- 

Lemma 2.1 (Composition-Diamond Lemma) Let F be afield, A = F(X\S) = F(X) / Id(S) 
and < a monomial ordering on X* , where Id(S) is the ideal of F(X) generated by S. Then 
the following statements are equivalent: 

(1) S is a Grobner-Shirshov basis. 

(2) f E Id(S) f = asb for some s E S and a,b E X* . 
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Irr(S) = {u G X*\u ^ asb,s G S,a,b G X*} is a F-basis of the algebra A = 
F(X\S). 

If a subset S of F(X) is not a Grobner-Shirshov basis then one can add all nontrivial 
compositions of polynomials of S to S. Continuing this process repeatedly, we finally 
obtain a Grobner-Shirshov basis S comp that contains S. Such a process is called Shirshov 
algorithm. 

A set S is called reduced Grobner-Shirshov basis if it is a Grobner-Shirshov basis and 
there are no inclusion compositions in S. 

A set S is called pre- Grobner-Shirshov basis if there exists a subset R C F(X) such 
that the following conditions hold. 

(i) Id(R) = Id(S) and R is a Grobner-Shirshov basis. R is called a Grobner-Shirshov 
basis with related to S. 

(ii) For any r G R, there exists s E S with |s| = \f\ such that either r = s or there 
exists a finite sequence of ELW's of S \ {s}, s = s t— > Si i— > s n = r, i.e., s can be 
reduced to r via S\ {s}. 

Lemma 2.2 Le£ S C F(X) be an effective set (in a plurally algebraic language, one may 
say that for any n > 0, one knows all polynomials s G S n of degree less or equal n from S, 
and there are finite number of these polynomials.) If S is a pre- Grobner-Shirshov basis, 
then the word problem is solvable for the algebra F(X\S) = F(X)/Id(S). 

Proof Let / G F(X) be a polynomial of degree n > 1, R be a Grobner-Shirshov basis 
with related to S. Then / G Id(S) iff / goes to by the ELW of R. So we need only to 
know all polynomials r G R n of degree less or equal than n from R. From the definition 
of a pre- Grobner-Shirshov basis, R n is a result of the ELW of S n for polynomials from S n . 
Since we know S n , we can find R n effectively. ■ 

Let A = sgp(X\S) be a semigroup presentation. Then S is also a subset of F(X) and 
we can find Grobner-Shirshov basis S comp . We also call S comp a Grobner-Shirshov basis 
of A. The set Irr(S conip ) = {u G S*\u ^ a/6, a,6 G X*, / G 5 comp } is a linear basis of 
F(X\S) which is also a set of all normal forms of A. 

3 Grobner-Shirshov bases of Coxeter groups 

Let S = {a i, ■ ■ ■ ,o~ n } be a finite set. Let M = (rriij) be a symmetric n x n matrix over 
the natural numbers together with oo, such that ma = 1, 2 < m^- < oo for % ^ j. Such 
an M is called a Coxeter matrix. Now, we use W to denote 

W = W(M) = sgp^GiGj)™^ = 1, 1 < i, j < n, ^ oo). 

W is called the Coxeter group (see, for example, [5]) with respect to Coxeter matrix M. 
We order S* by the deg-lex ordering, where o~\ < ■ ■ ■ < cr n . 

For any i,j (1 < i, j < n), denote by m a a = rriij. For any s, s' G S, we now define 
for finite m ss i the following notation: 
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m(s, s') = ss' ■ ■ ■ (there are m ss > alternative letters s, s'), 

(m — i)(s, s') = ss' ■ ■ ■ (there are m ss i — i alternative letters s, s', 1 < % < m ss i). 
With the above notation, the defining relations of W can be presented in the following 
forms 

s 2 = l (1) 
m(s,s') — m(s',s), s > s' (2) 

for all s, s' G £ and finite m ss >. 

Define s > s' if s > s f and m ss i = 2. 

Lemma 3.1 (^) In group W , we have 

(m - l)(s , s' )(m - l)(si, s[) ■ ■ ■ (m - l)(s k , s' k )m(s k+1 , s' k+1 ) 
= m(s' ,s )(m-l)(s u s' 1 )---(m-l)(s k ,s' k )(m-l)(s k+u s' k+1 ) (3) 

where k > 0, So, s' , . . . , s k+ \, s' k+1 G S and for any i, < i < k 

Si if m s . s ^ is even, 
Si if rn s . s > is odd. 



s'. 



i+l 



Proof Since 

(m - l)(s , s' )(m - l)(si, s[) • • • (m - l)(s k , s' k )m(s k+1 , s' k+1 ) 
= (m - l)(s , s' )(m - l)(si, s[) ■ ■ ■ (m - l)(s fc , s' k )m(s' k+1 , s k+1 ) 
= (m - l)(s ,s' )(m - l)(si,s' 1 ) ■ ■ ■ m(s k , s' k )(m - l)(s k+1 , s' k+1 ) 

= m(s' , s )(m - l)(si, s[) • • • (m - l)(s k , s' k )(m - l)(s k+ll s' k+1 ), 
we obtain the result. ■ 

Denote by 

S ={©,©, (3')} 
where (3') consists of all relations in with the extra properties 

(4) 

{si, s'J ^ {s m , s^ +1 }, < z < fc (5) 

It was conjectured in |3] that a Grobner-Shirshov basis of W can be obtained from 
5* using only commutative relations of W (m(s, s') = m(s',s) where m ss i = 2). The 
following example shows that this conjecture is not true in general. 

Example 3.2 Let E = {si, S2, S3, S4} with s\ < S2 < S3 < S4, M = (rriij) the 4x4 
Coxeter matrix where m SlS2 = m S2S3 = m S2Si = 00, m SlS3 = 3, m SlSi = 2, m S3S4 = 5 and 
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m 



1, i = 1,2,3,4. Then 



(0) 



{s? = l, i = 1,2,3,4}, 

{S4S1 = S1S4, S3S1S3 = S1S3S1, S4S3S4S3S4 = S3S4S3S4S3} 



(3') = {(m- l)(s 4 , s 3 )m(si,s 4 ) =m(s 3 ,s 4 )(m- l)(si,s 4 ), 

(to - l)(s 4 , s 3 ) (to - l)(si, s 4 )m(s 3 , s 4 ) = m(s 3 , s 4 )(to - l)(si, s 4 )(to - l)(s 3 , s 4 ), 
(to - l)(s 4 , s 3 )(m - l)(si, s 4 )(to - l)(s 3 , s 4 )to(si, s 3 ) 
= m(s 3 , s 4 )(to - l)(s x , s 4 )(to - l)(s 3 , s 4 )(to - l)(s 1; s 3 )}. 

^4 Grobner-Shirshov basis of W is ([2]) U (0) U (3") ; where 

(3") = {(to- 1)(s 4 ,s 3 )to(si,s 4 ) =to(s 3 ,s 4 )(to-1)(si,s 4 ), 

(to - 3)(s 4 , s 3 )sis 4 s 3 si(m - l)(s 4 , s 3 ) = m(s 3 , s 4 )(m - l)(s x , s 4 )(m - l)(s 3 , s 4 ), 
(m - 3)(s 4 , s 3 )sis 4 s 3 si(m - 3)(s 4 , s 3 )sis 4 (m - l)(s 3 , Si) 
= m(s 3 , s 4 )(to - l)(si, s 4 )(to - l)(s 3 , s 4 )(to - l)(si, s 3 )} 

which are obtained from (3') 6?/ lismg t/ie relations s 4 si = Sis 4 , S3S1S3 = S1S3S1. ■ 

Then we give the following conjecture. 

Conjecture (L.A. Bokut): The set of relations ([I]),©,© is a pre-Grobner-Shirshov 
basis of W. 

In this paper, we will show that the above new conjecture is true when M satisfies some 
conditions. 

Theorem 3.3 Let S = {(CD), (0), (3')}- Then if S is a pre-Grobner-Shirshov basis of W 
then so is {(CD,©,©}. 

Proof It suffices to show that for any 

/ = (m-l)(s ,s' )(m-l)(s 1 ,s / 1 )---(m-l)(s fe , s' k )m(s k+1 , s' k+1 ) 
-to(s , s )(to - l)(si, s[) • • • (to - l)(s fe , s' k ){m - l)(s fc+ i, s' k+x ) 

in © without property (jl]) or ©, / has an expression: / = ^ where E S, Oi,bi G 

X*. We prove this by induction on k. 

For k — 0, f — (m — l)(so, s )m(si, si) — m(s , so)(m, — l)(si, si). There are two cases 
to consider. 

Case 1. / is without property ©. 

If Si > si, then 

/ = (to 1)(s , Sq)(to(si, si) - m(si, si)) + (to(s , s' ) - m(s' , s ))(to - l)(si, si). 
If so < s , then 

/ = -(m(s , s ) - m(s , s ))(m - l)(si, s[) + (m - l)(s , s )(m(si, si) - m(si, Si)). 
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Case 2. / is without property (jSJ). 

If {s , s' } = {si, s[}, then by ELW's of s§ = 1 and s 2 = 1, / i-> • ■ ■ h-> f m = 
s' -s' = 0. 

Thus the result is true for k = 0. 

For > 0, there are also two cases to consider. 

Case 1. / is without property (jl]). 

If s fc+ i > then 

/ = O - l)Oo, 4)( m - 1)(*1> 4) • • • i m - 4) r l + r 2(> - l)(Sfc+l, 4+l) 

where n = m(s fe+ i, s' fc+1 ) - "i(4+i> e dD and 

r 2 = (m-l)(s Q , Sg)(m-l)(si, si) • • -m(sfc, 4)~™(4> s )(m-l)0i, 4) • • • {m-l)(s k , s k ) e ©. 

By induction, r 2 is a combination of relations in (3'). Then the result follows. 
If s' Q > so, then 

/ = -n(m - l)(si, si) • • • (m - l)(sfc, 4)( m - 1 )(4+i, + ( m - l)(so, 4) r 2 

where ri = m(s' , s )-m(s , s' Q ) G $3) andr 2 = (m-l)(s 1 , s[) ■ ■ ■ (m-l)(s k , s' k )m(s' k+1 , s k +i)- 
m(s[, si) ■ ■ ■ (m — l)(s k , s' k ){m — l)(s fc+1 , s' k+l ) is in By induction, the result follows. 

If there exists i, < i < k + 1 such that Sj > sj, so > s , < 4+i> then 

f = (m- l)Oo, s' ) • • • (m - l)(si_i, 4-i) r i + r 2<> - l)(si, 4) • • • (m - l)(s fc+ i, 4+i) 

where n = (m - l)(s i; sQ • • • m(sfc+i, s' fc+ i) - s^) • • • (m - l)(s fc +i, 4+i)> r 2 = (m - 
l)(so, s ) ' ' ' 4-i) ~~ m (4' s o) • ■ ■ {m — 4-i)> an d both of them are in 

By induction, the result follows. 

Case 2. / is without property (jSJ). 

Let us have / with condition PJ. Suppose {sj, s^} = {sj+i, 4+i}> < i < /c. 
If % < k, then by ELW's of s? = 1 and sf = 1, 

/>-►••• >->• (m - l)(s , s' ) • • • (m - 4-i)( m - !)( s i+2, 4+ 2 ) ■ ■ ■ "i(sfc+i, 4+i) 

-m(s' , s ) • • • (m - l)(si_i, 4-i)( m - l)(*t+2, 4+a) • • • (m - l)(s fc+ i, 4+i) 

is in (jHJ) since s^ +2 is the last second letter of (m — l)(sj + i, 4+i) which, in fact, is s^. By 
induction, the result follows. 

Hi — k then by ELW's of s\ = 1 and s' fc 2 = 1, 

/!->•••■ i-> (m- l)(s , s' ) • • •w(s jfc _i,s' fe _ 1 ) -m(s' 0) s )---(rn-l)(s fe _i,s / fc _ 1 ) 

is in ([S]). By induction, the result follows. ■ 

We will deal with inclusion compositions (f,g) w , f = agb, w = f and / G (3'), g G 
(2)U(3'). We will prove that in the most cases they are trivial except six cases in Theorems 
l3^l3TT5ll3T71 andl3TT8l 
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Notation: 



We will fix two "typical" relations in (3'). 
Let / be a relation in (3'), 

/ = UqUx ■ ■ ■ UkUk+lVk+1 - SqUqUi ■ ■ ■ U k U k+ i = f - fo (6) 

Ui = (m- 

Xi the last letter of (m — l)(sj, s' { ), 

Hi the last letter of m(sj, s-), < i < k + 1 

where {x t , s' i+1 } = {s h s<}, y { = s' i+1 , m{s i s' i ) = (m - s<)s< +1 , < i < fc. 
Let g be an other relation in (3'), 

9 = vqVi ■ ■ ■ v q v q+1 z q+1 - p'qVoVx ■ ■ ■ v q v q+ i =g- g (7) 
Vi = (m- l)(Pi,p'i), 
t{ the last letter of Vi, 

Zi the last letter of m{pi,p' j ), < % < q + 1 

where {t h p' i+1 } = {pup'i}, z { = p' i+1 , m(p i p' i ) = (m - < i < q. 

In Lemmas (Theorems) I3.4H3.151 we always assume that f,g£ (3') with the forms ([6]), 
(I7j) respectively and / = agb for some words a, b. 

Lemma 3.4 If f = ag, then a = 1 and f = g. 

Proof Since y k+1 = z q+1 and x k +i = t q+1 , u k+1 y k+1 = v q+ xZ q+ i. Since x k = t q and y k = 
s> k+i = Pq+i = z q,_UkVk = v q z q . Similarly, we have M fc _iy fe -i = • • • ,u y = v z . 

Then a = 1 and / = g. 

Noting that u ■ ■ ■ u k+ i = v ■ • ■ v q+ i, in order to prove / = g it is sufficient to show that 
s' = p'o- Induction on k. 

If k — 0, then y\ = z q+ i and X\ = t q +\. Then uiy± = v q+ xz q+ i. Since a;o = t q and 
s 'i = P'q+n u oVo = v q p' q+1 . Then q = k = and s[, = p' . 

For k > 0, we have = Vt-i and = t q+1 , u k+1 y k+ i = v q+1 z q+1 . Then y k = z q . 

Let h — Uo ■ ■ ■ u k y k — s' Q uo ■ ■ ■ u k and q — Vq ■ ■ • v q z q — p' Q vo ■ ■ ■ v q . Clearly, h = q, Then 
by induction, we have s' = p' . ■ 

Lemma 3.5 // there exist i,j such that Si = pj, s- = p'j and Ui is a subword of g, then 

f g- 

Proof If i = then j = since u^i = VjZj. Then s[ = y = z = p[. Since g is a subword 
of /, Si = pi and w 2 2/2 = ^2^2- Hence Uiyi = ViZi for any i, 1 < i < k + 1. Then / = g. 

If i ^ 0, then j 7^ 0. Otherwise, we have p = s i < s i+i — Po> a contradiction. 
Then = t-,_i. Since yi = s' i+1 = p'j +1 = Zj, Ui-iyi = Vj-\Zj. Similarly, we have 
Ui- 2 yi-2 = Vj_ 2 Zj-2, ■ ■ ■ ,u y = v zo and j = i. Also, s i+1 = p i+1 , s' i+1 = y { = z { = p' i+1 
imply that u i+1 y i+1 = v i+1 z i+1 . Therefore, u i+2 y i+ 2 = v i+ 2Z i+2 , ■ ■ ■ ,u k+1 y k+1 = v k+1 z k+1 . 



In what follows we assume that / ^ g. 
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Lemma 3.6 If there exists % > such that \v,i\ > 1, g = cuid, f = acuidb, ac = 
uo ■ ■ -Ui-i and c = v o • • •Uj-i, then Ui = VjVj + i • • -v n and \vj\ = ■ ■ ■ = \v n \ = 1. 

Moreover, if iz i+1 zs a/so a subword of g, then u i+ \ = v n+ i • • - Vi such that \vj\ — ■■ ■ — 
H = 1. 

Proof By Lemma [3.51 and / 7^ g, we have Ui 7^ Vj. 

Since Vj = (rn—l)(si,p'j) and Ui 7^ fj, 7^ 7^ s' { . Then = 1 and Vj + i = (m—l)(s' i ,p'j). 
If \vj + \\ > I, then p'- = Si + \ and «j = SjS-. Now, < p'- = Sj + i < s' ;+1 = Sj, a 
contradiction. Then = 1. This shows that ttj = VjVj + i ■ ■ -v n such that |t) 3 -| = • ■ ■ = 

\v n \ = 1- 

If is also a subword of g, we have v n+ i — (m — If > 1, then by 

a similar proof of the above, we have u i+ i = v n+ i •• - v\ such that |f n+ i| = • • • = \v\\ — 1. 
If \u i+ i\ = 1 and |u n+ i| > 1, then p'j = s i+2 , s' i+1 < s i+2 < s' i+2 G {s i+1 , s' i+1 }, a 
contradiction. Therefore, \v n+ \\ = 1 and Ui + i = v n+ \. ■ 



Lemma 3.7 If there exist i, i' (i! > 1) such that Ui - ■ -u\ = v y ■ ■ ■ v q+ \, then \ui\ = ■ ■ ■ = 
\ui\ = 1. 

Proof Suppose there exists a minimal j {i < j < I) such that \uj\ > 1. We will show 
that g = cujd, where c = Vq - ■ ■ v n , %' — 1 < n < q. Otherwise, Sj is a subword of v n . Then 
v n = (m - l)0j-i, Sj) = 8j-x8j and v n+l = (m - l)(sj, Sj^) (j > 1). So, sj < s^-i < sj, 
a contradiction. 

Then by Lemma [3.61 we have Uj = v n+ \ ■■•vy such that |f n +i| = • ■ ■ = \vy \ = 1. 

Moreover, Uj+i ■ ■ - ui = f^+i • • -v q+ i such that \vi' + i\ = ■ ■ ■ = \v g+ i\ = 1. Then z q+ i = 
si + i and there exists v p (n + 1 < p < q + 1) such that s' l+1 = v p < si + \, a contradiction. ■ 



Lemma 3.8 If f = gb with b 7^ 1, i/ien [rto | = 1 or |mq| = 2. 

Proof If I wo I > 2, then |t>o| = 1- Otherwise, by Lemma 13.51 / = g, a contradiction. 
Clearly, = 1. Then p 2 = So and p 2 < p' 2 = p'q < Po — s o, a contradiction. ■ 

Lemma 3.9 Suppose that f = gb = g{m — 2)(s' l+1 , si + i)ui +2 • • • Uk+iVk+i- Then \ui\ = 
■■■ = \m\ = 1, |u | = 1 and {f,g)f = 0. 

Proof There are two cases to consider. 
Case 1. Uq = s . 

We will show that v = s . Otherwise, v = s Sx. If |«i| > 1, then v\ = (m— l)(s' 1 , s ) = 
(m — 1)(sq, s ) = s' = s[, U\ = Sis[ and v 2 ---v q+ i = u 2 ---U\. By Lemma [3~7l we 
have \u 2 \ = ■■■ = \m\ = 1. Then there exists Sj G {s 2 ,--- ,si + i} such that Sj = sq, 
a contradiction. Then \u\\ = 1 and V\---v q+ \ = u 2 ---U\. By Lemma 13.71 we have 
\u 2 \ = ■ ■ ■ = \m\ = 1. This implies that there exists i + 1 > j > 1 such that Sj = Sq, a 
contradiction. 

Since v = s Q and V\ ■ ■ -v q+1 — ui ■ • - Ui, by Lemma [3~7] we have \ui\ = ■ ■ ■ = \ui\ = 1. 
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Suppose p r = Sj where Sj G {s 2 , • • ■ , si + i}. If j < I + 1, there exists an % such that 
\vi\ > 1 and so \ui+i\ = 1. By Lemma 13.101 (f,g)f = 0. 

If j = I + 1, then so > s/+i > Sj, Si > sj +1 > Sj for any j, 1 < j < I and 

(f,g)f = si + is s 1 ---s l (m-2)(s' l+1 ,s l+1 )---m(s k+ i,s' k+1 ) 

-s' si +1 s s 1 ■ ■ ■ siim - 2)(s( +1 , sj+i) • • • (m - l)(s fc+ i, s' fc+1 ) 
= s i+1 S; +1 s si • • • si(m - 3)(s l+1 , s' l+1 ) ■ ■■m(s k+ i, s' k+1 ) 

-SoSi +1 s' l+1 s s 1 ■ ■ ■ si(m - 3)(s m , s' l+1 ) ■ ■ ■ (m - s' fc+1 ) 

= (m - l)(sj +1 , si + i)s Si • • • s,(m - l)(sj +2 , s, +2 ) • • -m(s fc+ i, 

-s (m - l)(s m , s$ +1 )s si • • ■ si(m - l)(s l+2 , s' l+2 ) ■ ■ • (m - l)(s k+1 , s' k+1 ) 

= (m- l)(sj+i, s; +1 )s; +2 s si • • • si(m - l)(s l+a , s; +2 ) • • • (m - l)(s fc+ i, s' fc +i) 
-(m - l)(s m , s; +1 )s; +2 s si • • • si{m - l)(sj +2 , s, +2 ) • • • (m - l)(s fc+ i, 

= 

since s' l+1 = ■ ■ ■ = s' , (m-l)(si +1 , s' l+1 )s' l+2 = m(si +1 , s' l+1 ) and h = s si • ■ ■ s t ui +2 ■ ■ ■ u k+1 y k+ i- 
s'i +2 soSi ■ ■ ■ siu i+2 ■ ■ ■ u k+ i in (jHD with property (0J. 

Case 2. u = sos' . Then t> = so, f i = (m — l)(s ,p ). There are two subcases to 
consider. 

Subcase 1. \vi\ > 1. Then p' Q = Si and \ui\ = 1. If \v\\ > 2, then s 2 = s' , v\ = 
s' Q Sis' and u 2 = s 2 s' 2 = s' s . This shows v 2 = {m — l)(s ,Si), a contradiction. Then 
V\ = s' Si and v 2 ---v q+ i = u 2 ---U\. By Lemma [3~7l \u 2 \ = ■•• = |«;| = 1. Clearly, 
s ^ {s 2 , ■ ■ • ,si-i}, otherwise, there exists U{ (2 < % < I) such that Sj_i = s' and 
Ui = (m — l)(s , So) which contradicts |-Uj| = 1. 

Then \v 2 \ = ■■ ■ = \v q+1 \ = 1 and s t+1 = s , s' l+1 = s . Now, 

(/> g)f = s 1 s s' Q s 1 ■ ■ • sis' l+1 ui +2 ■ ■ ■ u k+1 y k+ i - s SiS s Si • • ■ sis' l+1 u i+2 ■ ■ ■ u k+1 

= SiS S S Si • • • S^+2 • • • U k+1 y k+1 - SqSxs'qSqSqSi ■ ■ ■ SiUi +2 ■ ■ ■ U k+ i 
= SiS S SiS Si • ■ ■ SiUi +2 ■ ■ ■ U k+ i - SqSiSqSqSqS! ■ ■ ■ SiUi +2 ■ ■ ■ U k+ i 

since h = s Si • • • siu i+2 ■ ■ ■ u k+1 y k+1 -s 1 s' s 1 ■ ■ ■ s t ui +2 ■ --u k+ i in © with property flU) and 

Since s > s l5 m SlS / o = 3 and Si > s , we have SiS s Si t— > Sis sis i— > s sis s and 
hence (f,g)j = 0. 

Subcase 2. |t>i| = 1. Then v 2 ■ ■ -v q+ i — U\ - ■ -u\. By Lemma I3T71 we have \u\\ = ■ ■ ■ = 

W = i. 

Suppose p' = Sj where Sj G {si, ■ ■ • , S; + i}. If j < I + 1, then \ui + i\ = 1. If j = I + 1, 
we have \ui+i\ = 1 since so > sj+i. Then 

(/> Q)f = SjS s' si ■ ■ ■ siUi +2 ■ ■ ■ u k+1 y k+ i - SqSjSos'qS-l ■ ■ ■ siUi +2 ■ ■ ■ u k+ i 

= SjSgSoSoSi ■ ■ • SiU i+2 ■ ■ ■ U k+1 - SqSjSqS'qSx ■ ■ ■ SiU i+2 ■ ■ ■ u k+1 
= SqSjSoSqS! ■ ■ ■ SiUi +2 ■ ■ ■ U k+ i - SoSjSqSqSi . . . S t Ui +2 ■ ■ ■ U k+ i 

= 

since s s Si • • • s^+2 • • • u k+1 y k+1 - s' s s' Si ■ ■ ■ s t ui +2 ■ ■ ■ u k+1 is in ©. ■ 
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Lemma 3.10 If \ui\ = ■ ■ ■ = \ui+i\ = 1 and U{ - ■ • ui + i = g, then (/, g)j = 0. 

Proof Clearly, g = U{ - ■ ■ ui + \ \— > UjUi ■ • • Ui = go for some i < j < I + 1. 
If i — 0, then 

(/> flO/ = u i'"0 ■ • • UlUl+2 ■ ■ ■ Uk+lVk+1 - UjS' Ui ■ ■ ■ UiUi +2 ■ ■ ■ Uk+1 = Sjh 

where h = u ■ • • uiu i+2 ■ ■ ■ u k+ iy k+ i - s' u ■ ■ ■ u x u w • • • u k+ i is in © with property (SD 
and Sjh < f. By Theorem 13.31 the result follows. 

If % > 0, then 

(/> 9) J = u Q --- Ui-xUjUi ■ ■ ■ uiu l+2 ■ ■ ■ u k+1 y k+1 - s u ■ ■ ■ u^UjUi ■ ■ ■ u t ui +2 ■ ■ ■ u k+1 = h 
where h is in (J3]) with property (pS) and h < f. By Theorem 13.31 the result follows. ■ 

The following lemmas are dealing with the case / = agb, a / 1, 6^1. 

In Lemmas (Theorems) I3.11H3.161 i and / are fixed such that < % < I < k, Uq • • • = 
1 if i = and ui +2 • • • u k+ i — 1 if I = k. 

Lemma 3.11 If f = u ---u i - 1 (m - 2)(s il s , ^)g(m - 2)(s{ +1 , s l+1 )u l+2 • • ■ u k+ iy k+1 , then 
K+l| = ■ ■■ = \ui\ = 1. 

Proof There are three cases to consider. 

Case 1. Vq = Xj. Then t> x • • = u i+ \ By Lemma [3771 we have |wi+i| = • • • = 

\ui\ = 1. 

Case 2. t> = (m — l)(xj, Sj+i) and \vq\ > 2. Then \v,i+i\ = 1 and Sj+2 = Xi. If > 1, 
then v = XiS i+ iXi and V\ = (m — l)(s- +2 , s i+1 ), where s£ +2 = s'- +1 < s i+ i, a contradiction. 
Then, |it»|=l and v = UiUi+x- ■ -Uj such that \ui\ = ■■■ = \uj\ = 1 for some j. Then 
v 2 ■ ■ ■ Vq+i = u j+i ■ ■ - Ui and by Lemma |3~T1 \uj + i\ — ■ ■ ■ — \ui\ — 1. Moreover, |itz+i| = 1. 

Case 3. v = (m — l)(xj,s i+ i) and |u | = 2, i.e., f = ^Si+i- If |wi+i| > 1, we have 
«i = (m — l)(s' i+1 ,Xi). If z = 0, then x = s and s[ = s' . If > 1, then s 2 = x = s , 
a contradiction. Then |w | = = l,Po = Uq, a contradiction. Then % > 0. Moreover, 
s' i+1 = Si, m SiS '. is odd, Xi = s i+2 and u i+l = s i+ is' i+1 . Then s- +2 = s i+1 and < s i+2 < 
s' i+2 = Sj+i, also a contradiction. Thus |tti+i| = 1 and Uj+ 2 = V\ • ■ ■ v q+ \. By Lemma 
13 .7\ we have \u i+2 \ = ■ ■ ■ = \m\ = 1. ■ 

Lemma 3.12 If f = u ■ ■ ■ Ui(m-2)(si, s'^g(m-2)(s' l+1 , si + i)ui +2 ■ ■ ■ u k+ iy k+ i, and either 
\ui\ = 1 or |uj+i| = 1, i/ien (f,g) f - = 0. 

Proof There are two cases to consider. 

Case 1. \ui\ = 1. Suppose Pq = Sj. Then g = Sj ■ • ■ s;+i — SySj • ■ ■ sj. 
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If j — I + 1, i.e., p' = si + x, then we have s' l+1 > > s; + i, > s n , s' l+1 > s n for all 
n, z + 1 < n < i, and 

(f,g)f = «o- • -Wi-iSi+iSj- • -si(m- 2)(s' l+1 ,si +1 ) ■ ■ -Uk+iVk+i 
-s' u ■ ■ ■ ■■■si{m- 2)(s' l+1 , s l+1 ) ■ ■ ■ u k+1 

= u ■ ■ ■ Ui-iSi +1 s' l+1 Si ■ ■ ■ siim- 3)(si +h s' l+1 ) ■ ■ ■ u k+1 y k+1 
-s' u ■ ■ ■ Ui_ v si + is' l+l Si ■ ■ ■ siim - 3)(s m , s' l+1 ) ■ ■ ■ u k+1 

= u ■ ■ ■ Ui-tUi+xSi ■ ■ ■ siUi +2 ■ ■ ■ u k+1 y k+1 

-s' Q U ■ ■ ■ Ui-lUl+xSi ■ ■ ■ SiUi +2 ■ ■ ■ U k+ i 

= 

since u ■ ■ - u^Ui+iUi ■ • -1^+2 ■ ■ ■ u k+1 y k+1 -s u ■ ■ - u^iUi+iUi ■ ■ ■ uiu i+2 ■ ■ -u k+ i is in ©. 

If j < I + 1, then there exists i' such that > 1 which implies = 1. Then by 

Lemma 13. 101 (/, g)j = 0. 

Case 2. \ui+i\ = 1 and \m\ ^ 1. Suppose p' = Sj. Then Xi > Sj > Sj+i, - - • , Sj-i, 
s' i+1 = s'j +1 > Sj and 

(f,g)f = «Q- ■ •Ui- 1 (m-2)(s h s' i )s j x i - ■ -siUi+2- ■ -u k+1 y k+1 
-s'qUq ■ ■ ■ Ui-i{m - 2)(si, s'^SjXi ■ ■ ■ siUi +2 ■ ■ ■ u k+1 . 

Since (m — 2)(sj, s'^Sj \— > ■ • ■ i— > Sj(m — 2)(sj, s^), we have 

(f,g)f = uo---Ui-iSj(m-l)(si,s' i )s i+1 ---s l ui + 2---u k+1 y k+1 

-s' Q U ■ ■ ■ Ui-iSj{m - l)(Sj, S-)s i+ i • • • S^ +2 " " ' Wfc+1 

= 

since u ■ ■ ■ Ui^UjUiU^t ■ ■ ■ uiu i+2 ■ ■ ■ u k+1 y k+1 -s' u ■ ■ ■ u i _ 1 « i « i s i+1 • ■ ■ uiUi +1 ■ ■ ■ u k+1 is in 



Theorem 3.13 Suppose that f = u ■ ■ ■ Ui{m-2){s h s' i )g(m-2)(s' l+1 , si +1 )ui +2 ■ ■■u k+x y k + x , 
\ui\ > 1 and \ui + i\ > 1. Then one of the following holds: 

(i) \vn\ — 1 f or all n, < n < q + 1 and 

(f,g)f = Wo - • - 2)(si, s'^si+iXiSi^ ■ ■ ■ s;(m - 2)(sJ +1 , s/+i)w z+2 ■ ■ -u k+1 y k+1 

-SqUq ■ ■ ■ u k+1 . 

(ii) \vq I = 2, |u n | = 1 for all n, 1 < n < q + 1 and 
= 3, t/ien (f,g)f = 0; 
z/m SiS / > 3 ; then s t+1 = x i} s' l+1 = s' i+1 = y { and 

(f,g)f = u o ■ ■ • Wi_i(m - 3)(sj, s-)s i+ iS- +1 XjSi + i • • • s z (m - 2)(s' l+1 , s m )^ +2 • • -u k+1 y k+1 

-s' U ■ ■ ■ Wfe+1- 
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Proof By Lemma [3. Ill we have = ■ ■ ■ = \ui\ = 1 and so g = XiS i+ i ■ ■ ■ SjSj+i,. There 

are two cases to consider. 

Case 1. Vq = X{. Then |i> n | = 1 for all n, 1 < n < q + 1. Otherwise, z q+ i = si +x G 
{s i+ i, ■ ■ ■ ,si} which shows = 1, a contradiction. Then 

(/, g)j = m • • • Ui-x(m - 2)(si, s-)s/+i^ s i+i ■ ■ ■ si(m - 2)(s' l+1 , s l+1 )u l+2 ■ ■ ■ u k+1 y k+1 

-SqUq ■ ■ -U k+1 . 

Case 2. vq = x,iSi + \. Then \v n \ = 1 for all n, 1 < n < q + 1. Otherwise, we 
have = = for some j (z + 1 < j < I + 1). Then Uj — (m — l)(xj, s£ +1 ) and 
= > 1, a contradiction. Therefore z q+ i = Xi = si + \, ui + \ — (m — l)(xj, s' i+1 ) and 

(f,9)f = «0 • • -Ut-l(m - 2)(Sj, S-)s i+ iXiS i+ i • • • S;(m - 2)(Sj +1 , S; + i)w i+2 • • • Uk+lVk+l 
-S Uq ■ ■ ■ U k+ 1 

= u ■ ■ ■ U;_i(m - 3)(sj, • • • si(m - 2)(s' l+l , s l+1 )u l+2 ■ ■ ■ u k+1 y k+1 

-s' U ■ ■ ■ Uk+1- 

If m SiS i. = 3, we have = Sj, X{ = s[ = si + \ < s' l+1 = s' i+1 = Sj. Therefore i = and 

(/> fiO/ = SlSoS S l ' ' ' s l s 0Ul+2 ■ ■ ■ Uk+lVk+l - S SiS S Si • • • SiSqUi+2 • ' ' U k+ i 

= Sis'qSqSqSi ■ ■ ■ SiU t+2 ■ ■ ■ U k+1 y k+1 - S SiS S S Si • • • SiUi +2 ■ ■ ■ u k+1 

= SiS S SiS Sl ■ ■ • SiU i+2 ■ ■ ■ U k+1 - SiS SiS S s l ■ ■ • SlU l+2 • • ■ U k+1 

= SiSqSiSqs'qSi ■ ■ ■ SiUi +2 ' ' ' ~ SlS SiS S Si • • • SiU i+2 ■ ■ ■ U k+1 

= 0. 



If m SiS i. > 3, we have 

(/)#)/ = Wo- - - Ui-iim - 3)(si, s' i }s i+1 s' i+1 XiSi +1 ■ ■ ■ si(m - 2)(s' l+1 , Si +1 )ui +2 ■ ■ -u k+ iy k+1 
-s' u ■ - -Uk+1. 

The proof is completed. ■ 



Lemma 3.14 Suppose f = u ■ ••u i - 1 {m - 3)(sj, s§g{m - 2)(s' l+1 , s t+1 )ui + 2 ■ ■ -u k+1 y k+ i. 
Then \ui+i\ — ■ ■■ — \ui\ — 1. 

Proof Clearly, t> = s' i+1 . There are two cases to consider. 

Case 1. v\ = Xi. Since u i+ i ■ • - ui — v% • • -v q+ i, by Lemma [3~7l we have \u i+ i\ = ■ ■ ■ = 
|«i| = l. 

Case 2. v x = (m - l){x h s i+1 ). We have m Si+lS / +i = 2, i.e., = 1. 

If |t>i| > 2, then Sj+2 = X{. We have |wj +2 | > 1, |fi| = 3, v 2 = (m — l)(s' i+2 , Si+i) and 
s- +1 = s^ +2 < Si+i, a contradiction. Then |t>i| = 2 and t>2 • • 'V q +i = Mj+2 • • 'U\. By Lemma 
13.71 we have \u i+2 \ = ■ ■ ■ = \m\ = 1. ■ 
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Theorem 3.15 Suppose that f = u ■ ■ • w i (w-3)(s i , sQg(m-2)(s' l+1 , s l+1 )u l+2 ■ ■ ■ u k+1 y k+1 
and \ui+i\ > 1. Then one of the following holds. 

(i) \vq\ = \vi\ = 1 and 

ifi = 0, then (f,g)f = 0; 
ifi>0, then 

(f,g)f = u o- - Ui-iSiSjim - 2)(s-, Si)s i+1 ■ ■ ■ siu i+2 ■ ■ -u k+1 y k+1 - s' u ■ ■■u k+1 . 

(ii) \vq\ = 1, |ui| = 2, \v n \ = 1 for all n (1 < n < q + 1) and 

(f,g)f = u o ■ • -w»-i(m - 3)(sj, s-)s i+ iS- +1 XjSi + i • • -s z (m - 2)(s- +1 Xi)M i+2 • ■■u k+1 y k+1 

-S Uq ■ ■ ■ U k+1 . 

Proof By Lemma 13.141 \v,i+i\ = ■■■ = \m\ = 1 and vq = s' i+l . There are two cases to 
consider. 

Case 1. V\ = X{. There exists Sj = p' Q , where Sj G {si+i, ■ • • , si + i}. If j — I + 1, then 
\v n \ = 1 for all n and s' l+l = s' i+1 > Thus, |i4+i| = 1. If j ^ I + 1, there exists 

|t) n | > 1 (n > 1). Then s m G {si+i, • - • , sj} and = 1. 

If z > 0, then s^ +1 = s-, x« = Sj. Hence m SiS i. is even and s' i+1 = ■ ■ ■ = s' l+1 = s' { . Now 
by ELW's, we have 

(f>g)f = u o- ■ -Wt-i(m - 3)(si,s-)sjS-SiS i+ i • • • ■■u k+1 y k+1 - s' u ■ ■ ■ u k+ i 

= u ■ •■Ui- 1 s i s j (m - 2)(s[, Si)s i+1 ■ ■ ■ s t ui +2 ■ ■■u k+x y k+ x - s' u ■ ■■u k+x . 

If i — 0, s[ = so since s[ > x . Then m SoS > is odd and s = s[ = s' 2 = ■ ■ ■ s' l+1 = s' l+2 . 
Since h = u s 1 ■ ■ ■ siu i+2 ■ ■ ■ u k+1 y k+1 - SqWoSi • ■ ■ siu i+2 ■ ■ ■ u k+1 is in ©, we have 

(/>#)/ = {m ~ 3){s ,s' )s j s s' s 1 - ■ ■ siUi +2 - ■ -u k+1 y k+1 
-(m - 2)(sq, s Q )s i s So s i ' ' ' s i u i+2 ■ ■ ■ Uk+i 

= SjU Si ■ ■ ■ SiU t+2 ■ ■ ■ U k+1 y k+1 - SqSjUoS! ■ ■ ■ S t Ui +2 ■ ■ ■ u k+l 

= SjU Si ■ ■ ■ s t ui +2 ■ ■ ■ u k+1 y k+ i - Sjs' u s 1 ■ ■ ■ siu i+2 ■ ■ ■ u k+1 
= 0. 

Case 2. v x = XiS i+ i. Clearly, X{ G" {sj+i, • • • , si}. Otherwise, Xi = Sj for some j + 1 < 
j < I) and so \uj\ = \ui\ > 1, a contradiction. Then = s/ + i, \v 2 \ = ■ ■ ■ = \v q+ i\ = 1 and 
Ui+i = (m - l)(xi, s' i+1 ). Moreover, we have s' i+1 > s i+ i > x { and m s . s >. > 2, m XiSi+1 = 3. 
By ELW's, we have 

(/)#)/ = u o ■ ■ -Ui-x(m - 3)(sj, ■ ■ ■ si(m - 2)(s' i+1 Xi)ui +2 ■ ■ -u k+1 y k+ i 

SqUq-- -u k+1 . 

If rris^ = 3, then \ui\ — 2, X{ — s- and s' i+l = Sj. Since s' i+1 > s i+ i > Xi, we have i = 
and a = 1, which contradicts 1. Then |ttj| > 2 and m SiS < is even. ■ 
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Now, let 

g = m(s, s') — rn(s', s), s > s' 

be a relation in and / be as again. In the following Lemma (Theorems) I3.16H3.181 
we will deal with another inclusion compositions (f,g) w , w = f = agb, g = m(s,s'). 
There are another two nontrivial cases which will be mentioned in Theorems 13.171 and 

km 

Lemma 3.16 If f = u - ••u i - 1 gu l+2 ■ ■■u k+1 y k+1 , then \ui\ ■■■ = \u l+1 \ = 1 and (f,g)f = 
0. 

Proof If there exists j such that \uj\ > 1, there will be three different letters in g, a 
contradiction. Therefore, \ui\ = ■ ■ ■ = \ui+i\ = 1. 

Similarly to the proof of Lemma 13.101 the result holds. ■ 



Theorem 3.17 Suppose f = u • ■ ■ ^_i(m-2)(a f , sj)flr(m-2)(sj +1 , s i+1 )u i+2 ■ ■ ■ u k+1 y k+1 , 
where < i < k, u - ■ ■ Ui-\ = 1 if i = 0, u i+2 ■ ■ ■ u k+ i — 1 if i < k. Then the following 
statements hold. 

(V 9 = x i s i+l ~ s i+l x i, x i > s i+l- 

fa) (f,g)f = if \ui\ = 1 or \u i+1 \ = 1. 
(Hi) If \ui\ > 1 and \u i+ i\ > 1, then 

{f, g)f = Uq ■ ■ ■ Wi_i(m - 2)(si, sQs^x^m - 2)(s- +1 , s i+l )u i+2 ■ • ■ u k+1 y k+1 
-s' q Uq- ■ -u k+1 . 

Proof (i) is clear. 

(ii) Suppose \ui\ = 1. Since u - ■ ■ Ui-iUi+\Siyi + x — s' u ■ ■ ■ Ui-\Ui+\Si is in (JH|), we have 

(f,g)f = u o 4 ■ ■ Ui-iS i+ iSi(m - 2)(s' i+1 ,s i+1 )u i+ 2- ■ -u k+1 y k+ x 
-s' u ■ ■ ■ Ui-xs i+ x8i(m - 2)(s- +1 , s i+1 )u i+2 ■ ■ ■ u k+1 

= U ■ ■ ■ Mi-lU i+1 SjU i+2 ■ • ■ U k+1 y k+1 - s' U ■ ■ ■ Ui-xUi+xSiUi+2 ■ ■ ■ u k+1 

= u ■ ■ ■ Ui-iUi + iSiy i+1 Ui +2 ■ ■ ■ u k+ i - s' u ■ ■ ■ u^xUi + xSiU i+2 ■ ■ ■ u k+1 

= 0. 

Suppose = 1- Since u ■ ■ ■ Ui^xUi+x s iVi+i ~ s 'o u o 4 4 4 Ui-iU i+l Si is in we have 

(f>g)f = u ---Ui^x(m-2)(si,s , i )si + xx i Ui + 2- 44 U k+ xy k+ x 

-S' Q U ■ • -Mj_i(m - 2)0;, S-)Si + iXiM i+ 2 • 4 4 U k+1 
= Uq--- Ui-iU i+ iSiU i+2 ■ ■ ■ U k+1 y k+ i - SqUq • • • Ui„iM i+ iSjM i+2 ■ • ■ U k+1 



Uq--- Ui-iUi + iSiy i+ iUi+ 2 ■ ■ ■ U k+1 - S U ■ ■ ■ Ui-iU i+ iSiU i+2 ■ ■ ■ U k+ i 

0. 
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(iii) Suppose \u.j\ > 1 and \u i+ i\ > 1. Then by ELW's, we have 
(f,9)f = u o ■ ■ -Ui-x{m - 2)(sj, s'^Si+iXiim - 2)(s- +1 , s i+ i)u i+2 ■ ■ -Uk+xVk+i - s' u ■ ■ -u k+1 . 
The proof is completed. ■ 

Theorem 3.18 Suppose f = u ■ ■ ■ u i _ 1 (m-2)(s i , s-)^(m-2)(s- +2 , Si +2 )n i+ 3 • ■■u k+1 y k+1 , 
where < i < k — 1, Uq • ■ ■ ttj_i = 1 if i — 0, Wj+3 ■ • • u k+ i — 1 if i — k — 1. T/ien i/je 
following statements hold. 

6V (/>#)/ = l f H = 1 0r H = 2 - 

(Hi) If \ui\ > 2, then 

(/> flO/ = M o • • • Ui-i(m - 3)(s i; s.)s i+ is. +1 XiS i+ i(m - 2)(s- +2 , x;)w i+3 • • • 

Proof (i) is clear. 

(ii) If | | = 1, then \v,i+i\ = |"Uj+2| = 1- Similar to Lemma [3.101 we have (f,g)f = 0. 

If \ui\ = 2, then itj = s^, = Xj = Sj+2 < s' i+2 = s' i+1 = Sj which implies « = 0. Since 
soSo s i s o - SgSoSoSi and s' sxu 3 • • • u k+1 y k+1 - s 1 s' s 1 u 3 ■ ■ ■ u k+ i are in (3), 

(f,g)f = SoSiSgSiSoMs ■ ■ -U k+1 y k+ i - SqSqSxSqSxSqU?, ■ ■ ■ u k+l 

= SiSqSqSiSqUz ■ ■ ■ Uk+lVk+l - SoSiS SoSiS M3 • • • Mfc+1 

= SiSoS So s 1^3 ■ ■ • u k+1 y k+ i - So s l s O S OSo S l M 3 • ■ ■ u k+1 

= SiSqSoSiSqSiU3 ■ • ■ U k+ i — SiSqSiSqSqSiUz ■ ■ ■ U k+ i 

= sxs' Q sxs s' sxU S • • • u k+ i - s 1 s' s 1 s s' s 1 u 3 ■ ■ ■ U k+ i 
= 0. 

(iii) Suppose \ui\ > 2. By ELW's, we have 

{f,9)j = u o ■ ••Ui-x(m - 2)(sj, s'^Si+xXiSi+iim - 2)(s' i+2 ,Xi)u i+s ■ --Uh+xyk+x 

-SqUq ■ ■ -U k +X 

= u ■ • -Mj_i(m - 3)(s i; s-)s i+ is- +1 XiS i+ i(m - 2)(s- +2 , Xi)w i+3 • • • Ufc+i2/fc+i 

The proof is completed. ■ 

Now we finish all the cases of inclusion compositions. Most of them are trivial except 
six cases which are mentioned in Theorems 13.131 [3.151 13.171 and 13.181 But in fact, we can 
classify these six cases into four cases. 

Now we consider that in what instances the nontrivial cases may happen. 
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The first nontrivial case, which is the first case of Theorem 13.131 and the nontrivial case 
of Theorem 13.171 happens if the following / exists: 

CI: / = (m - l)(s , s' ) • • • (m - l)(s h sj) • • • (m - l)(s m , sj +1 ) • • -m(s k+1 , s' k+1 ) - 
m(s' , s ) • • • (m — l)(sfc+i, s' fc+1 ), where < i < I < k, such that 

(a) |(m - l)(s h s<)| > 2, |(m - l)(s m , sj +1 )| > 2, x< > s J+1 ; 
(6) (to - l)(s i; sj) = Sj, s J+1 > Sj for any j, i + 1 < j < I. 

Remarks: In the case CI, we have 

1) / contains g as a subword where g = XjSj+i • • ■ si + i — si + \Si + i ■ • • si, Xi > and 
> Sj for any j, i + 1 < j < I. 

2) If there is no / G (3') with CI where < % = I < k, then for any / G (3'), / is not 
with property CI. 

The second nontrivial case, which is the second case of Theorem 13 . 1 3 1 and the nontrivial 
case of Theorem 13.181 happens if the following / exists: 

C2: / = (to - l)(s ,s' )---(m - l)(s;, s'J • • • (to - l)(s t+u s' l+1 ) ■ ■ ■ m(s k+1 , s' k+1 ) - 
m(s' , Sq) ■ ■ ■ (m — l)(sfc+i, s' k+1 ), where < i < I < k, such that 

(a) |(to - l)(si, s-)| > 2, (to - l)(s m , s- +1 ) = s Wl 35 4 = s l+1 > s i+1 , m XiSi+1 = 3; 
(6) (m — l)(sj, s'j) = Sj, si + \ > Sj for any j, i + 2 < j < I. 

Remarks: In the case C2, we have 

1) / contains g as a subword where g = XiS i+ i ■ ■ ■ — s [+1 s i+ i • • • si, m XiS . +1 = 3 and 
si + i > Sj for any j, i + 2 < j < I. 

2) If there is no / G (3') with C2 where 0<i = Z- l<Jfe-l, then for any / G (3'), / 
is not with property C2. 

The third nontrivial case, which is the first case of Theorem 13.151 happens if the fol- 
lowing / exists: 

C3: / = (to - l)(s 0) s'o) •••(to- l)(s f ,sj)---(m - l)(s l+1 , s' l+1 ) ■ ■ -m(s k+1 , s' k+1 ) - 
m(s' , So) ■ ■ ■ (to — l)(sfe + i, s' k+1 ), where < i < I < k, such that 

(a) (to — l)(sj, > 2, to s . s ' is even and there exists to(2 + 1<to</ + 1) such that 

(6) (to — l)(sj, Sj) = Sj for any j, i + l<j<l + l, 
s m > s n for any n, i + l<n<m — 2 and 

^m— 1 ' ' ' ^ii (^ l)(^m— 1; ^m)> ^m— 1 ^ ^mj 

■ • ■ Sj 2 = (TO — l)(Sj 1+ i, Sj 1+ 2), Sj 1+ i < Sj 1+ 2, • ■ ■ , 

Si n +i • • • s i+1 = m(s in+1 , s in+2 ), s in+1 < s in+2 . 

Remarks: In the case C3, we have 

1) / contains g as a subword where g = s' i+l XiS i+ i • ■ ■ si + \ — s m s' i+1 XiS i+ i ■ • • s\ G (3') such 
that s' i+1 >s m \>Xi for some m ( z + 1 < m < l+l) and s m l>s n for any n, i + 1 < n < m — 2. 
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2) If there is no / £ (3') with C3 where < % = I < k, then for any / £ (3'), / is not 
with property C3. 

The fourth nontrivial case, which is the second case of Theorem 13.151 happens if the 
following / exists: 

C4: / = (m - l)(s ,s' )---(m - l)(s f , sj) • • • (m - l)(s l+1 , s' l+1 ) ■ ■ -m(s k+1 , s' k+1 ) - 
m(s' , so) • • • (m — l)(sfc + i, s' k+1 ), where < i < I < k, such that 

(a) \(m - l)(si, s-)| > 2, (m - l){s i+1 , s' i+1 ) = s i+1 , s i+1 > x { = s i+ i, m XiSi+1 = 3; 

(b) (m - l)(sj, s'j) = Sj, si + x > Sj for any j, i + 2 < j < I. 

Remarks: In the case C4, we have 

1) / contains g as a subword where g = s' i+1 Xi ■ ■ ■ si+\ — s i+ is' i+1 Xi • • • S\ £ (3'), s' i+1 > 
Si+i, m XiSi+1 = 3 and s l+1 > Sj for any j, i + 2 < j < I. 

2) If there is no / £ (3') with C4 where < i = I — 1 < k — 1, then for any / £ (3'), / 
is not with property C4. 

Remark: In the Example 13.21 there exist relations in (3') with properties CI and C2. 

Theorem 3.19 S = {([2]), (0), (3')} is a Grobner-Shirshov basis of W if there is no f £ 
(3') with properties CI V C2 V C3 V C4. 

Proof We will prove that all possible compositions are trivial modulo S. Denote by 
(i A j) w the composition of the type (i) and type (j) with respect to the ambiguity w. 

By Lemmas 13.101 13.121 and 13.161 and Theorems 13.131 13.151 13.171 and 13.181 we know 
that all inclusion compositions are trivial. Thus, we need only to check the intersection 
compositions. 

(1 A 2) w = sm(s, s'), s > s'. 

(1A2) W = -(m- l)(s ,s) + sm(s',s) 

= -(m-l)(s',s) + (m + l)(s,s / ) 
= —(m — l)(s',s) + (m — l)(s',s) 
= 0. 

l)(s , s' )(m - l)(si, s[) ■ ■ • (m - l)(s fc , s' k )m(s k+1 , s' k+1 ). 

-{m - 2)(s' , s )(m - l)(s u s[) • • • (m - l)(s k , s' k )m(s k+1 , s' k+1 ) 
+s m(s' , s )(m - l)(si, si) • • • (m - l)(s fc , Sfc)(m - l)(s fc+ i, s' k+1 ) 
-{m - l)(s' , s )(m - l)(si, s'J • • • (m - l)(s fc , 4)( m - l)(sfc+i, 4+i) 
+ (m - l)(s' , s )(m - l)(si, s'j • ■ • (m - l)(s fc , - l)(*fc+i, 

0. 



(1 A3') w = s (m - 
(1A3) W = 
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(2 A 1) w — m(s, s')x, s > s', where x is the last letter of m(s, s'). 

(2A1) W = -m(s',s)x + (m - l)(s,s') 

= -(m + l)(s',s) + (m- l)(s,s') 
= -(m-l)(s,s') + (m-l)(s,s') 
= 0. 

(2 A 2) There are two cases to consider. 

Case 1. w — m(s,s')(m — l)(s",x), s > s', x > s", where x is the last letter of 
m(s, s'). 

(2 A 2) w = -m(s',s)(m - l)(s",x) + (m - l)(s, s')m(s", x) = 0. 

Case 2. w = (2i)(s, s')m(s, s'), s > s', 1 < % < m ss >/2. We just prove the case that 
m ss t is even. For the case that m ss i is odd, the proof is similar. Assume that m ss i 
is even. Then 

(2A2) W = -m(s', s)(2i)(s, s')+(2i)(s, s')m(s', s) = -(m-2i)(s', s)+(m-2i)(s' , s) = 0. 

(2 A 3') There are two cases to consider. 

Case 1. w = (m-l)(s, s')(m-l)(s , So)(m-l)(si, si) • • • (m-l)(s k , s' k )m(s k +i, s' k+1 ), 
s > s', s > Sq, where so is the last letter of m(s, s'). Since h = (m—l)(s,s')m(s' ,so) — 
m(s', s)(m — 1)(sq, so) G (3'), we have 

(2 A 3% 



= —m(s', 


s)(m — 


2)(so,s )(m- 


l)(si,s'i)- 


• • (m — 


l)(sfc,4)m(sfc- 


fi> s fc+i) 




+ (m — 


i)(s,s'; 


)m(s' , s )(m - 


l)(«i,«'i)- 


■ ■ (m — 


l)(s fe ,s' fe )(m- 


l)(Sfc+l, 


S k+1 


= —m(s', 


s)(m — 


l)(so,s )(m- 




• • (m — 


l)(s fc ,s' fc )(m- 


l)(Sfc+l: 


S k+1 


+m(s', 


s)(m — 


l)(so,s )(m- 




■ ■ (m — 


l)(s fe ,s' fe )(m- 


l)(Sfc+l, 


S k+1 



= 0. 



Case 2. w = (2i)(s , s' )(m-l)(s , s' )(m-l)(si, s[) ■ ■ ■ (m-l)(s k , s' k )m(s k+1 , s' k+1 ), 
1 < i < m SoS ' Q /2. We prove only the case that m^^ is even. For the case that m SQS > o 
is odd, the proof is similar. Assume that m SoS i is even. Then 

(2 A 3% 

= -m(s' Q , s )(2i - l)(s , s' )(m - l)(s 1 , s[) ■ ■ ■ (m - l)(s fe , s' k )m(s k+1 , s' k+1 ) 

+(2i)(s , s' )m(s' , s )(m - l)(si, si) • • • (m - l)(s fe , s' k )(m - l)(s fe+ i, s' fc+1 ) 
= -(m - 2i + 1)(sq, s )(m - l)(si, s'J • • • (m - l)(s fc , s' fc )m(s fe+1 , s' fc+1 ) 

+ (m - 2i)(s' , s )(m - l)(si, si) • • • (m - l)(s fc , s' fc )(m - l)(s fc +i, s' k+1 ) 
= -(m -2i+ 1)(sq, s )si(m - l)(si, si) • • • (m - l)(s k , s' k )(m - l)(s k+ i, s' k+1 ) 

+ (m - 2i)(s' , s )(m - l)(si, si) • • • (m - l)(s fc , s' fc )(m - l)(s fc+ i, s' k+1 ) 
= -{m - 2i)(s' , s )(m - l)(si, si) • • • (m - l)(s fc , s' fc )(m - l)(s fc+ i, s' fc+1 ) 

+ (m - 2i)(s' , s )(m - l)(si, si) • • • (m - l)(s fe , s' k )(m - l)(s k+1 , s' k+1 ) 
= 0. 
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(3' A 1) w = (m - l)(s , s' )(m - l)(s u s[) • • • (m - l)(s k , s' k )m(s k+1 , s' k+1 )y k+1 , where y k+1 
is the last letter of m(s k+ i, s' k+1 ). 

(3'M)„ 

= -m(s' , s )(m - l)(si, si) • • • (m - l)(s fc , s' fc )(m - l)(s fc+ i, s' k+1 )y k+1 
+ (m - l)(s , s )(m - s i) • • • ( m ~ 4)( m - 4+i) 

= -m(s , s )s' 1 {m - l)(si, si) • • • (m - l)(s fe , s' k )(m - l)(s fe+1 , s' fc+1 ) 
+ (m - l)(s , s )(m - l)(si, si) • • • (m - l)(s fc , s' fc )(m - l)(s fe+ i, s fe+1 ) 

= -(m - l)(s , s )(m - l)(si, si) • • • (m - l)(s fc , s' fe )(m - l)(s fc+1 , s' k+1 ) 
+ (m - l)(s , s )(m - l)(si, s'J • • • (m - l)(s k , s' k )(m - l)(s k+1 , s k+1 ) 

= 0. 



(3' A 2) There are two cases to consider. 

Casel. w = (m-l)(s ,s[ ) )(m-l)(si,si)---m(s fc+ i,s / fc+1 )(m-l)(t,|/ fc+ i), y k+1 > t, 
where y k+ i is the last letter of m(s k+ i, s' k+1 ). Then 

(3' A 2) w 

= -m(s' , s ) • • • (ra - l)(s k ,s' k )(m- l)(s k+1 , s' k+1 )(m - l)(t,y k+1 ) 
+ (m - l)(s , s' )(m - l)(si, si) • • • (m - l)(s*+i, s' fc+1 )m(f, y fc +i) 
= 0. 



Case 2. w = (m - l)(s , s )(m - l)(si, si) • • • (m - l)(s fe , s' fc )s fc+ i(2i)(s^ +1 , s fe +i) 
m(s' k+1 , s fc+ i), < i < (m Sfc+lS ^ +i - 2)/2. We consider only the case that m Sk+lS > k+i 
is odd. The proof is similar for m s k+1 s' k+1 to be even. Assume that m s k+1 s' k+1 is odd. 
Then 



(3' A 2) w 

-m(s' , s ) • • • (m - l)(s fe , s' k )(m 
+(m - l)(s , s )(m - l)(si, si) • 
-m(s , s )(m - l)(si, si) • • • (m 
+ (m - l)(s , s' )(m - l)(si, si) 
-(m - l)(s , s )(m - l)(si, si) 
+(m - l)(s , s )(m - l)(si, si) 
-(m - l)(s , s )(m - l)(si, si) 
+ (m - l)(s , s' )(m - l)(si, si) 
0. 



- l)(s fc +i, s' fc+1 )(l + 2i)(s' fc+ i, Sfc+i) 

• (m - l)(s fe , s' fc )s fc+ i(2i)(4+i, s fc +i)m(s fc+ i, s' fe+1 ) 
l)(«fc-i, - 2 - 2i)(s fc+ i, s' fc+1 ) 

• (m - l)(s fc , s' k ){m - 1 - 2i)(s' fc +i, Sfc+i) 
•m(s fe ,Sfc)(m - 2 - 2 0( s fe+i>4+i) 

■ (m - l)(s fe , s' fe )(m - 1 - 2i)(s' k+1 , s k+1 ) 

■ (m - l)(s fc , s fe )(m - 1 - 2i) (s'fc+i, s fc+ i) 

• (m - l)(s fe , s fe )(m - 1 - 2i)(s' fc+1 , s fc+ i) 



(3' A 3') There are two cases to consider. 

Case 1. w = (m - l)(s , s )(m - l)(si, si) • • • (m - l)(s fc , 4)™(%i> 4+i)( m _ 
2)(t,y fc+ i)(m - ' ' ' ( m - l)(tz, i{)m(^ +1 , t;+i), > i, where is the 



19 



last letter of m(s k+ i, s ' k+ i)- 
(3' A 3% 

= -m(s' ,s ) ■ ■ -(m- l)(s fc+ i,4+i) • (m-2)(t,y k+1 )(m- l)(ti, t[) ■ ■ ■ m(t r l+1 , t l+1 ) 
+(m - l)(s ,s ) ■ ■ ■ (m - l)(sfc+i, s' k+1 )m(t,y k+1 ) • • • (m - 

= -m(s' , s ) • • • (m - l)(s k+1 ,s' k+1 )(m- l)(t,y k+1 ) ■ ■ ■ (m- l)(t l+1 ,t' l+1 ) 
+m(s' , s ) • • • (m - l)(s k+1 , s' k+1 )(m - l)(t, y k+1 ) • • • (m - l)(t l+ i, t' l+1 ) 

= 0. 

Case 2. w = (m- l)(s , s' )(m- l)(s x , si) ■ ■ • (m- l)(s A) s / fc )s fe+ i(2i)(s' fe+1 , s Jfc+1 )(m- 

l)(4+i,s fc+1 )(m-l)(t 1 ,t / 1 ) •• •(rr i -l)(t / ,^)^(^+i,^ +1 ), 0<z< (m Sfc+l4+i -2)/2. 
We only consider the case that m Sk+ltS > k i is odd and the proof is similar for m S(t+liS ' fc i 
to be even. Assume that m... , s > is odd. Then 

(3' A 3% 

= -w(s , s )(m - l)(si, s'J • • • (m - l)(s fc , s' fc )(m - l)(s fc+1 , s' fc+1 ) 
•(2z)(s' fc+1 , s fc+ i)(m - l)(h,t[) • • • (m - l)(tj,^)m(* {+ i,*j+i) 
+ (m - l)Oo, s' )(m - l)(si, s[) ■ ■ ■ (m - l)(s fc , s' k )s k+1 (2i)(s' k+1 , s k+1 ) 
■m(s k+u s' k+1 )(m - l)(ti,t[) ■ ■ ■ (m - l)(tj +1 ,tj +1 ) 
= -m(s , s )(m - l)(s x , si) • • • (m - l)(s fc , s' fe )(m - 1 - 2i)(s fc+ i, s' fe+1 ) 
•(m - l)(t l5 *i) • • • (m - l)(t h t[)m{t m , t' l+1 ) 
+ (m - l)(s 0) s' )(m - l)(si, si) ■ ■ ■ (m - l)(s fc , s' fc )(m - 1 - 2z)(s' fc+1 , s k +i) 

■(m-l)(t 1 ,t' 1 )---(m-l)(t l+1 ,t , l+1 ) 
= -m(s , s )(m - l)(si, si) • • • (m - l)(s fc , s' fe )(m - 2 - 2i)(s fc+1 , s' fc+1 ) 
•(m - l)(ti,*i) • • • {m - l)M)(m - l)(t l+1 ,t' l+1 ) 
+ (m - l)(s , s )(m - l)(si, si) • • • (m - l)(s fc , s' fe )(m - 1 - 2i)(s' k+1 , s k+1 ) 

•(m- l)(ti,<i) •••(m-l)(i m ,^+i) 
= -(m - l)(s , s )(m - l)(si, si) ■ • • (m - l)(s fc , s^)(m - 1 - 2i)(sJ H _ 1 , s fc+ i) 
•(m - ■■■{m- l){t h t'i)(rn - l)(t l+1 ,t' l+1 ) 

+ {m - l)(s Q , s' )(m - l)(si, si) • • • (m - l)(s fc , s' fc )(m - 1 - 2i)(s' k+1 , s k+1 ) 
■{m-l){t 1 ,t' 1 )---{m-l){t l+1 ,t' l+1 ) 

= 0. 

Thus, the theorem is proved. ■ 

We give some examples which are in the case of Theorem 13 . 1 91 but not the finite Coxeter 
groups (see [HIHlfTO]). 

Example 3.20 Let W be the Coxeter group with respect to Coxeter matrix M = (m^). 
Suppose that one of the following conditions holds: 

(i) for any i,j (i > j), > 3; 
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(ii) for any i,j (i > j), either rriy = 2 or rriij = oo; 
(Hi) ran = 2 for any i > 2 and iriij > 3 for any i,j (i > j > 2). 

Then in (3') ; there are no relations with property CI V C2 V C3 V C4. By Theorem \3.19\ r 
S = {©, ©, (3')} is a Grobner-Shirshov basis of such a Coxeter group W . 



In the next paper, we will try to prove that the new conjecture is true if W is a Coxeter 
group without C2 V C3 V C4. 

Acknowledgement: The authors would like to thank Professor L.A. Bokut for his guid- 
ance, useful discussions and enthusiastic encouragement in writing up this paper. 
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